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Explicit representations are formulated for the Faddeev components of three-body T -mat-
rix continued analytically on unphysical sheets of the energy Riemann surface. According
to the representations, the T{matrix on unphysical sheets is obviously expressed in terms of
its components taken on the physical sheet only. The representations for T{matrix are used
then to construct similar representations for analytical continuation of three-body scattering
matrices and resolvent. Domains on unphysical sheets are described where the representations
obtained can be applied.
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Resonances are one of the most interesting phenomena in scattering processes. The problem of
dening and studying resonances in quantum mechanics is payed a lot of attention in physical
and mathematical literature. In recent years, the investigations of resonances in few-particle
systems attract a growing attention. The role of such resonances is well known in physics of
nuclear reactions and astrophysics.
Developing methods for studying resonances has a long history beginning from the paper
by G.Gamow [1]. In this paper devoted to description of {decay, it was discussed for the
rst time a relation of resonance states to complex poles of the scattering matrix (it should
be noted however that complex frequencies were considered much earlier, e.g. by J.J.Thomson
in 1884). For spherically symmetrical potentials, the interpretation of resonances in two-body
problems as poles of an analytic continuation of the scattering matrix was rigorously based in
the known paper by R.Jost [2] (for further references in this direction see e.g. the books [3]
and [4]).
Approaches to interpretation of solutions to the Schrodinger equation (so{called Gamow's
vectors) corresponding to resonances are discussed in Refs. [5]{[7] (see also literature cited
therein).
Idea to interpret resonances as poles of analytical continuation of the resolvent kernel
for the Schrodinger operator (or matrix elements of the resolvent between suitable states) is
realized in [8]{[16] (see also Refs. cited in these papers and in the books [17], [18]). Such
interpretation became a basis for the perturbation theory for two{body resonances which is
well developed now (see. [11], [12], [17]).
In the case when support of interaction in a system of two particles is compact with
respect to relative coordinate, the approach [19] by P.Lax and R.Phillips may be applied (this
approach was created initially for acoustical problems). The Lax{Phillips approach allows to
describe resonances as a discrete spectrum of a dissipative operator representing generator of
contracting semigroup. At present, the Lax{Phillips scheme is realized only in those scattering
problems which generate the energy Riemann surface
2
with two sheets of the complex energy
plane (see Refs. [20], [21]). In multichannel scattering problems, the approach above is partly
realized in [22].
Beginning from 1970{es, the complex scaling method [10], [14] is applied to investigation
of resonances (see also Refs. [15] and [18]). This method gives a possibility to rotate the
continuous spectrum of Hamiltonians in such a way that certain sectors become accessible
for observation on unphysical sheets neighboring with physical one. Resonances situated in
these sectors turn into a part of the discrete spectrum of the Hamiltonian transformed. The
complex scaling method may be applied in the cases when potentials are analytical functions
of coordinates. This method allows to compute location of resonances in concrete physical
problems (see, e.g. Refs. [15], [23]). As regards the structure of the scattering matrix and
resolvent continued on unphysical sheets, this method gives not too large capacities.
Many important conceptual and constructive results (see [24]{[29]) for the physical sheet
in three{body scattering problem are known to have been obtained on the base of the Faddeev
equations [24] and their modications. In particular the structure of resolvent and scatter-
ing operator was studied in details, completeness of the wave operators was proved and the
coordinate asymptotics were studied in the case of quickly decreasing as well as Coulomb
interactions
3
[24], [28], [29], [32]. Analogous results were obtained also for singular interactions
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The latter is understood usually as the Riemann surface of the resolvent kernel considered as a function of
energy or as that of the resolvent bilinear form restricted on certain subsets of Hilbert space. Such operator{
valued functions as the T{ and scattering matrices have usually the same Riemann surface since these functions
are closely related to the resolvent.
3
The new approaches [30], [31] (see also literature cited in [31]) have been developed recently in abstract
scattering theory for N{body systems which allow to prove existence and asymptotical completeness of the




3  1, i.e. substantially
slower than Coulomb potentials.
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described by the boundary conditions of various types [32], [33]. On the base of the Faddeev
equations, the methods of investigation of concrete physical systems were developed [29], [32],
[34], [35].
As to the unphysical sheets, the situation is rather dierent. Here, when solving a concrete
N{particle problem one usually restricts himself with developing some approximate numerical
algorithm to search for resonances on unphysical sheets neighboring with physical one. A
survey of dierent physical approaches to study of three-body resonances in the problems of
nuclear physics can be found in Ref. [36]. A number of rigorous results (see [18]) is obtained
in framework of the complex scaling method [10], [14], [15]. These results touch rst of all
the proofs of the existence of analytical continuation of resolvent in the N{body problem with
potentials holomorphic with respect to the scale transforms. In Ref. [37], a proof is given for
the existence of analytical continuation for the amplitudes of processes 2! 2 in the N{particle
system across the branches of continuous spectrum below the rst breakup threshold of the
system into three clusters.
A goal of the present work consists in analytical continuation and investigation of the
structure of three{body T -matrix, scattering matrices and resolvent on unphysical sheets of
the energy Riemann surface. The interaction potentials are supposed to be pairwise and
decreasing in coordinate space not slower than exponentially. When constructing a theory of
resonances in the two{body problem with such interactions one can use the coordinate as well
as momentum representations. However, it is clear a priori that the analytical continuation
of the three{body scattering theory equations [24], [29] on unphysical sheets becomes a very
dicult problem if the equations are written in conguration space. Thing is that there
exist noncompact (cylindrical) domains where interactions do not decrease. Meanwhile, the
kernels of the integral equations continued increase exponentially. Their solutions have to
increase exponentially, too. This means that the integral terms become divergent ones and
the coordinate space equations lose a sense. In the momentum space, the integral terms of
the scattering theory equations, e.g. the Faddeev equations for components of T{matrix, are
actually the Cauchi type integrals analytical continuation of which (in a sense of distributions)
is a solvable problem. A continuation of such kind on unphysical sheets neighboring with
physical one was already realized for the s{wave Faddeev equations in the paper [38] (see
also Ref. [36]) for the case of separable pair potentials. In the present paper, we construct a
continuation of the Faddeev equations in the case of suciently arbitrary pair potentials not
only on the neighboring unphysical sheets but also on all those remote sheets of the three{body
Riemann surface where is possible to guide the spectral parameter (the energy z) going around
two{body thresholds.
Main result of the paper consists in a basing of existence of analytical continuation on
unphysical sheets of z for the Faddeev componentsM

(z), ;  = 1; 2; 3; of the operator T (z)
and a construction of representations for them in terms of the physical sheet [see formula (6.8)].
According to the representations, the continued matrix M(z) of the Faddeev components,
M = fM

g, is explicitly expressed on unphysical sheets in terms of this matrix itself taken
on the physical one and some truncations of the scattering matrix. Kind of the truncation
is determined by the index (number) of the unphysical sheet concerned. Note that structure
of the representations is quite analogous to that of the representations found in the author's
recent works [39] and [40] for analytical continuation of T{matrix in multichannel scattering
problems with binary channels. Representations for analytical continuation of three{body
scattering matrices follow immediately from the representation above for M(z) [see Eqs. (6.9)
and (6.11)]. As follows from the explicit representations (6.8), (6.9) and (6.11) obtained by us,
the singularities of T{matrix, scattering matrices and resolvent on unphysical sheets diering
from those on the physical one (poles at the discrete spectrum eigenvalues of the Hamiltonian),
are actually singularities of the operator{valued functions of z inverse with respect to suitable
truncations of the scattering matrix. Consequently, the resonances (i.e. the poles of T{matrix,
scattering matrix and resolvent on unphysical sheets) are zeros of certain truncations of the
scattering matrix taken on the physical sheet.
Results of the present paper were announced in the report [41].
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The paper is organized as follows.
In Sec. 2, the main notations are described. Sec. 3 contains an information on analytical
properties of the two{body T{ and scattering matrices which is necessary in subsequent sec-
tions. Sec. 4 is devoted to description of properties of the Faddeev components of three{body
T{matrix and scattering matrices on the physical sheet of energy. In particular, the domains
on the physical sheet are established where the half{on{shell Faddeev components and dierent
truncations of the scattering matrices included in the representations (6.8), (6.9) and (6.11)
may be considered as holomorphic functions. We justify these representations only on a certain
part of the three{body Riemann surface which is described in Sec. 5. Analytical continuation
of the Faddeev equations on unphysical sheets is described in Sec. 6. Also, in this section,
the representations (6.8), (6.9) are (6.11) formulated for analytical continuation of the matrix
M(z), scattering matrices and resolvent respectively.
2. NOTATIONS
We consider a system of three spinless non{relativistic quantum particles. Movement of the
mass center is assumed to be separated. For description of the system we use standard sets of

















































































with  = 2; 3














coordinate system in R
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In momentum representation, the Hamiltonian H of the three{body system under con-



































For the sake of deniteness all the potentials v

,  = 1; 2; 3; are supposed to be local. This
means that the kernel of v





















). We consider two variants of the potentials v

. In the rst one, v

(k) are
holomorphic functions of the variable k 2 C
3















with some c > 0; a
0
> 0 and 
0
2 (3=2; 2). In the second variant, the potentials v

(k) are
holomorphic functions with respect to k in the strip W
2b
= fk : k 2 C
3
; jImkj < 2bg only and
obey for k 2 W
2b










8k : j Imkj < 2b:(2.3)




(k). The latter condition guarantees self{









Note that the rst variant requirements of holomorphness of v

(k) in all C
3
and no more
than exponential increasing (2.2) in jImkj mean that these potentials have a compact support
3
in the coordinate space. In the second variant, the potentials v


















), we denote the Hamiltonian of the pair subsystem
























< 1, taking into account their multiplicity: number of times to meet an


















(H) we denote respectively the discrete and continuous components of the













is used for the operator of kinetic energy, (H
0





R(z) stand for the resolvents of the operators H
0






















, ;  = 1; 2; 3; be the Faddeev components [24], [29] of

























(z);  = 1; 2; 3:(2.4)
Here, the operator t












































It is convenient to rewrite the system (2.4) in the matrix form
M(z) = t(z)  t(z)R
0
(z)M(z);(2.6)














(z)g. By  we de-
note a number 33{matrix with the elements 

= 1   

: M(z) is the operator matrix
constructed of the components M

(z), M = fM

g; ;  = 1; 2; 3. The matrices M , t,
R
0



















t(z); we denote iterations of the absolute term Q
(0)
(z) = t(z) of
(2.6).


















, stands for the matrix{row, 







= (1; 1; 1)
y
. The symbol \y" means transposition.
Throughout the paper we understand by
p
z   , z2C, 2R; the main branch of the
function (z   )
1=2
. By q^ we denote usually the unit vector in the direction q2R
N
, q^ = q=jqj,
and by S
N 1




. The inner product in R
N
is denoted by (  ;  ).

















































is used for the
operator adjoint to 	


























, 	 and 	
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,  and 
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, which are obtained from















),  = 1; 2; 3, j = 1; 2; :::; n

.
The pair T{matrix t

(z) is known [24],[29] to be an analytical operator{valued function




















































































(z)g, is the block{diagonal matrix with elements g
;j






















































;  = 1; 2; 3; j = 1; 2; :::; n

;(2.12)
in the problem of three particles. In the last case the sets (2.11) and (2.12) are called respec-
tively three{body and two{body energy shells.
Let O(C
N





) (we deal with N = 3 or N = 6
only). Any f(q) 2 O(C
N






























(f)  exp(aj Imqj)(1 + jqj)
 
; with a, the radius
of the ball centered in the origin and containing the support of the Fourier pre{image of this
function in R
N
, jmj = m
1
+ ::: + m
N









: As  one can take








Let j(z) be the operator restricting functions f(k), k 2 R
3
; on the energy shell (2.10) at
z = E  i0, E > 0, and continuing them if possible, on the domain of complex values of the
energy z. On the set O(C
3










































































Remember that in terms of the operators j(z) and j
y































). Analyticity domain of s(z),
z 2 C, is determined in a general way by properties of the pair potential v (see e.g., [3], [4],
and also [39], [40]).
Let J
;j
(z),  = 1; 2; 3; j = 1; 2; :::; n

, be the operator of restriction on the energy
shell (2.12). Its action on O(C
3



































(z) we denote operator of restriction on the shell (2.11). On O(C
6
) this opera-










































(z) are used for respective \transposed" operators. Their action






























































































































































can be understood by the denition of the
operators J
;j


























































































. In particular the
operator J
y
























































3. ANALYTICAL CONTINUATION OF THE T{ AND
SCATTERING
MATRICES IN THE TWO{BODY PROBLEM
In this section we remember some analytical properties of the pair T{matrices which will be
necessary further when posing the three{body problem. Note that above properties are well
known (see e.g., Refs [4], [3] and also [36]) for a wide class of the potentials v

(x). As a matter
of fact we want to expose here only an explicit representation for the two{body T{matrix on
unphysical sheet which is a particular case of the explicit representations constructed in the
author's work [39] (see Theorem 2 in [39] and comments to it) for a rather more general situation
of analytical continuation of T{matrix on unphysical sheets in the multichannel problem with
binary channels.
Throughout the section we shall consider a xed pair subsystem. Therefore its index will
be omitted in notations. Statements will be given for the rst variant of the potentials (2.2). If
it will be necessary, dierent assertions for the second variant (2.3) will be written in brackets.















Remember that the energy Riemann surface in the two{body problem coincides with that
of the function z
1=2














Representation for continuation of t(z) on unphysical sheet which will be used further, is
described by the following statement which is one{channel variant of Theorem 2 of Ref. [39].
Theorem 1. The two{body T{matrix t(z) allows analytical continuation in variable z on the
sheet 
1

















































































Emphasize that for the second variant of potentials (2.3), the existence of the continuation




























. Note also that the operator (jtj
y
)(z), included in Eq. (2.16), is a
compact operator in C(S
2








n (h) ) on the physical sheet, one can apply to the equation
s(z)A = 0(3.3)
the Fredholm alternative [18] (see Ref. [39]). This means that the set 
res
being countable, has







On the physical sheet 
0
, the pair T{matrix admits the representation (2.8). It follows
from the Lippmann{Schwinger equation for 
j

























) and at the same
time, it satises the type (2.2) estimate where one has to replace 
0
with a number , 1 <  < 
0
,
which can be taken in any close vicinity of 
0























g where  
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, into a pole in
































 exp[a(j Imkj+ j Imk
0
j)];
with arbitrary  2 (1; 
0
).
As to continuation of t(z)j

1
, it follows from Eq. (3.2) that the points z 2
d
(h) give to
it generally speaking, poles of the rst order. One can easily check however that if eigenvalue
 2 
d
(h) is simple then the respective singularities of the both summands of (3.2) compensate
each other and the pole of t(z)j

1
does not appear at z = . It follows from the Fredholm
analytical alternative [18] for Eq. (3.3) only that poles of t(z)j

1
at z 2 
res
are of a nite
order and no more. It is easily to show that if A(
^
k) is a nontrivial solution of Eq. (3.3) at
z 2 
res
, z 62 
d
(h), then the Schrodinger equation has at this z a nontrivial (resonance) so-
lution. Asymptotics of this solution  
#
res














: The function  
#
res
(x) is so{called Gamow vec-
tor corresponding to resonance at the energy z (see e.g., Refs. [3], [6], [7]). The function A(
^
k)
makes a sense to the breakup amplitude of the resonance state
4
.
The formula for analytical continuation of the scattering matrix on unphysical sheet 
1





















Utilizing (3.2) one can easily to get the explicit representation in terms of the physical




















The continuation has to be understood in a sense of generalized functions (distributions) over
O(C
3
























Analogous assertion takes place as well in the multichannel scattering problem with m binary channels:






) to the equation s
l
(z)A = 0 at resonance energy z 2 
l
res
(in notations of Ref. [39])
represents amplitudes (i.e. coecients at spherical waves in coordinate asymptotics of the channel components


















) of resonance on the sheet 
l
to
breakup into channels 1,2,...,m, respectively.
5
Similar representations take place as well in the case of the multichannel problem. In notations of Ref. [39]












4. MATRIX M(z) AND THREE{BODY SCATTERING
MATRICES ON THE PHYSICAL SHEET
At the beginning, remember shortly principal properties [24], [29] of the Faddeev equations (2.6)









To formulate these properties we cite here the following denition [24].
The operator{valued function Q







; is the type
D






























































integral operator then its kernel is called kernel of the type D

.








































































































(z) be an iteration of the absolute term of Eq. (2.6). In a contrast to Q
(0)
(z) = t(z)
kernels of the operators Q
(n)
(z) at n > 0 do not include {functions. Moreover, it follows from
the representation (2.9) for t

(z) explicitly manifesting a contribution of the discrete spectrum
of pair subsystems, that matrix elementsQ
(n)

(z), ;  = 1; 2; 3; of the operators Q
(n)
(z) with
n  1 are actually functions of the D














(z) at z 2 C n [
min
;+1) are bounded operators depending on z analytically. In
the case of potentials (2.2) and (2.3), the Holder index of smoothness  for their kernels







at z 62 [
min
;+1) equals to 1. If n  3 then as
Imz ! 0; Re z 2 [
min













minor (three{particle) singularities (see Refs. [24] and [29]) weakening with growing n. At
n  4 such singularities do not appear at all and these kernels become Holder functions in
all their variables including the limit values z = E  i0; E 2 (
min
;+1): More precise
statement [24] is following: the operator{valued functions Q
(n)

(z) at n  4 belong to the type
D

(; ), 0 <  < 
0
, 0 <  <
1
8
, uniformly with respect to z changing on arbitrary
bounded set in the complex plane C with cut along the ray [
min
;+1). One can take as ,
 < 
0
, any number as close as possible to 
0
. Thus, instead of M(z) it is convenient [24] to

















Immersion of Eq. (4.4) in the Banach space B(; ) (a description of the latter see in
Refs. [24], or [29]) leads one to the following important
9
Theorem 2 (L.D.Faddeev [24]). Eq. (2.6) is uniquely solvable at z 62 
d
(H). Its solution








where the operator{valued function W(z) is holomorphic in variable z at z 62 (H) and its
components W

(z) belong to the classes D

(; ), 3=2 <  < 
0




with respect to z changing in arbitrary bounded set of the complex plane C with cut along the
ray [
min
;+1) and removed neighborhoods of the points of 
d
(H).
Remember now structure of the scattering operator S [24], [29] for the system of three


























































































U	: The operator T (z)























; z),  = 1; 2; 3; i = 1; 2; :::; n

;  = 1; 2; 3; j = 1; 2; :::; n

, properties of
which are determined including the limit points z = E  i0, E > 
min





















, we denote analytical continuation in C

(see
Theorems 3, 6 and 7) of the operators
^
T (E  i0) having the kernels
(
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; E  i0); E > 0;
(
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; E  i0); E > 0;
(
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; E  i0); E > 0;
(
^







































































Elements of the matrix (JT J
y
)(z) are expressed in terms of amplitudes of dierent processes
taking place in the three{body system under consideration [29] (see also Sec. 7 of [43]).




and as well as T , it has a
















































































































Scattering matrices arise from S in the spectral decomposition for H as operators acting in




in the Neumann direct integral [28].








! E,  = 1; 2; 3; i = 1; 2; :::; n

, in expressions (4.8)|(4.11) and then to




































); ::: #(E   
3;n
3
)g: At z 2 C we understand by S
0
















































(z); corresponding to sep-
arating in (4.12) the multiplier  iA
 1
(E + i0) as a derivative of measure in the Neumann




, one comes to the scattering matrices
S(z) =
^






I + (AJT J
y
)(z):(4.13)
In a contrast to Ref. [28] it is more convenient for us to use namely this, nonsymmetrical, form
of the scattering matrices. Matrices S(z) and S
y









At z = E + i0, E > 0, these operators are unitary. At z = E + i0, E < 0, there are
certain truncations of S(z) and S
y

































#(E). It follows from Eq. (4.13) that operator T may be considered
as a kind of \multichannel T{matrix" (cf. Ref. [39]) for the system of three particles.
Note that the matrix T (z) may be replaced in Eq. (4.13) with the matrix T
y
(z) obtained
from T (z) by the substitution v ! v (respectively, U ! U
y
= v+M) in the second




)(z) = (JT J
y
)(z), it is sucient to
observe that for z = E  i0, E > 
;j
























































































































































(we shall suppose later that q; q 2 C
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; E > 
;i
; E > 
;j
; the denominators
















































Meanwhile the expression (4.18) can not become zero at E > 
;i
; E > 
;j
(see Lemma 2). It
follows now from Eqs. (4.15), (4.16) and (4.18) that the equality (4.14) is true.
Along with S(z) and S
y





































has the components l
0
= 0 or l
0
= 1 and l
;j
= 0 or l
;j












































corresponding to the multi{index l. The matrix
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are connected with the energy z = E + i0 by Eqs. (2.11) at E > 0 or (2.12) at E > 
;j
.
We establish below [see formula (6.8)] that analytical continuation of the matrix M(z) on






(z) and the half{on{shell Faddeev components M

(z) taken
on the physical sheet. More precisely, along with S
l





















)(z). Here, l is a certain









In the rest of this section we shall formulate some statements (Theorems 3{7) concerning
the existence of the analytical continuation of the above matrices and their domains of holmor-
phness. In view of shortage of space we shall not give here full proofs. Note only that proofs
are based on analysis [24] of the Faddeev equations (2.6). For all this, one has additionally to




























situating on the energy shells (2.11) or (2.12). Functions





. Also, the functions (4.23) appear as a display of singularities (3.5) of the eigenfunctions
 
;j
;  = 1; 2; 3; j = 1; 2; :::; n

.























, the holomorphness domains of the functions (4.23) with
respect to the variable z are described by the following plain lemmas.














contains no roots z of the equation












: For any number z 2 C outside the domain (4.24) one
can always nd such values of parameters   0 and ;  1    1; that the left{hand part of
Eq. (4.25) becomes equal to zero at the point z.
Lemma 2. Let the parameters of the equation
z   
1




























j then for all  2 [ 1; 1] Eq. (4.26) has a unique root z and this root is
real. Moreover z = z
+
if   0, and z = z
 














































When  runs the interval [ 1; 1], the roots z



















































j then Eq. (4.26) has two real roots:
a) the root z = 
1
existing for all  2 [ 1; 1];
b) the root z = z
 
given by (4.27) which exists for  1    0 only.









































; Eq. (4.26) has two real roots z












<   0 Eq. (4.26) has two complex roots z

described again by Eq. (4.27). When






















































(along imaginary axis). The right vertex of the ellipse





























be the domain in the complex plane C with cut along the ray [
min
;+1) where
the conditions (4.24) with  = 
;j
, c = c

and the inequalities

















are valid simultaneously for all  = 1; 2; 3;  6= . In the case of the potentials (2.2) one has
to take b = +1 in (4.30).
By R
;i;;j
,  6= , we denote domain complementary in C n [
min
;+1) to the set lled by












g, c = jc

j





) runs the interval [ 1; 1].
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(H) as a bounded for z 62 [
min
;+1) operator{valued





























)(z); z = E  i0; E > 0; into
domain of complex z is considered in a sense of distributions over O(C
6
). For example ofMJ
y
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When constructing continuation of this form and that for (J
0
M)(E  i0) we base on two
simple statements concerning the domains of holomorphness of the function (4.23) in the case
when argument P
0
























z = 0, the parameters 
0
and  run
the intervals 0  
0
 1 and  1    1 respectively, and c > 0; s
2
= 1   c
2
, z 2 C be xed.
Then the roots  of the above equation ll the set consisting of the line segment [0; z] on the
complex plane C and the circle centered in the origin, the radius of which being equal to c
2
jzj:
Lemma 4. Let the parameters of the equation









satisfy the conditions  2 [0; 1],  2 [ 1; 1],  < 0, c 2 (0; 1) and s
2
= 1   c
2
. Then if  and
 run the above ranges, the roots z of Eq. (4.33) ll the ray ( 1; =(1 + c
4
)] and the circle
centered in the point z
c
= =(1   c
4


















, be the domains complementary in C

to the totality of circles
















;  = 1; 2; 3;  6= , and j = 1; 2; :::; n






must satisfy extra conditions

























for all ;  = 1; 2; 3;  6= .
Utilizing Lemmas 3 and 4 one can prove the following





M)(z), z = E  i0, E > 0, allow

































(z), n  3, included in the
representation (4.5) for M(z) has to be understood in a sense of distributions over O(C
6
). At














































;  = 1; 2; 3; j = 1; 2; :::; n

; k = 1; 2; :::; n

;





)(z), n  4, and (WJ
y
0














































)(z), n  4, and (J
0























































), can be embedded in their totality in B(; ) with  and , the arbitrary
numbers such that  2 (3=2; 
0
) and  2 (0; 1=8). At j Imzj   > 0 one can take  = 1.





































































































































































































a measure on S
5
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) we understand a path of integration beginning at z and going clockwise
(counterclockwise) along the circumference C
jzj
having radius jzj and centered in the origin.







consists of the points  = + i0 ( =  + i0),  2 (jzj;+1):















as a matter of the fact, from those requirements that the poles of T{matrices t

(  ;  ; z(1  ))
and t

(  ;  ; z(1   
0
)) which are present in the integral (4.39), have not to manifest itself
in above domains. Also, we require the same from the poles of T{matrices t

(  ;  ; z   )
which are present in the integral (4.40). If z 62 ( 1; 
max
] then the appearance conditions
z(1   ) = 
;j
; j = 1; 2; :::; n





; k = 1; 2; :::; n

; for the poles of the T{
matrices t

(  ;  ; z(1 )) and t

(  ;  ; z(1 
0
)), are valid for no ; 
0
2 [0; 1]. The appearance
conditions z    = 
;j
; j = 1; 2; :::; n

; of the poles of t





include into itself more than one fourth of the circumference C
jzj
. However










be always taken into account using the residue theorem. We shall not present here respective
formulae. Note only that taking of residues in the points  = z   
;j
transforms the minor
three{body pole singularities of the integrand of Q

2;

























































, have more weak singularities [24], [29] than the
Q
(1)









we get for it the represen-




















, 0    1; 0  
0


































































































t(z) are still singular. Though their singularities are weak,













we understand as before in a
sense of distributions over O(C
6




























)(z)) admits the analytical contin-



































































with singular kernels. Having weakly singular

















)(z) are Holder functions of their arguments with the index  2 (0; 1=8).














































; z), ;  =































































































































of the right{hand part of Eq. (4.43) represents analytical continuation of the Jacobian for re-
spective replacement of variables.

























































































































































































































































are described by Eqs. (4.41).















; z) are more weak.
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admit the analytical continuation from rims of the










































for any ;  = 1; 2; 3;  6= ; and j = 1; 2; :::; n





points z = E  i0, E > 0, these operators are compact.







































= 1;  = 1; 2; 3; j =


































were dened by Eqs. (4.31).
As follows from Theorems 3, 6 and 7, the total three{body scattering matrix S(z), z =




























is bounded. In equal degree the same is true for S
y
(z).
5. DESCRIPTION OF (PART OF) THE THREE{BODY
RIEMANN SURFACE
By the three{body energy Riemann surface wemean the Riemann surface of the kernelR(P;P
0
; z)
of the Hamiltonian H resolvent R(z) considered as a function of parameter z, the energy of
three{body system.





to consist of innite number of sheets already because the threshold z = 0 is a logarithmic
branching point. Actually the Riemann surface of R(P;P
0





; z) because besides z = 0 it has a lot of additional branching points. For
example the pair thresholds z = 
;j
,  = 1; 2; 3; j = 1; 2; :::; n

, become square root branch-
ing points of this surface. Also, the resonances of the pair subsystems turn into such points.
Extra branching points are generated by the boundaries of supports of the function (4.23)
singularities which were described in Lemmas 1, 2 and 4.
In the present paper we restrict ourselves to consideration of a \small" part of the total
three{body Riemann surface for which we succeeded to nd the explicit representations ex-
pressing analytical continuation of the Green function R(P;P
0
; z), the kernels of the matrix
M(z), as well as the scattering matrix S(z), in terms of the physical sheet [see the formulae
respectively, (6.8), (6.9) and (6.11)]. Namely, in the Riemann surface of R(P;P
0
; z) we con-
sider two neighboring \three{body" unphysical sheets immediately joint with the physical one
along the three{body branch of continuous spectrum [0; +1). Besides, we examine all the
\two{body" unphysical sheets, i.e. the sheets where parameter z may be carried if the rounds
of two{body thresholds z = 
;j
,  = 1; 2; 3; j = 1; 2; :::; n

, are permitted but the crossing
of the ray [0; +1) is forbidden. Evidently, the part of the three{body surface described in-
cludes all the sheets neighboring with physical one. The above sheets are of most interest in
applications.
18
A concrete description of the part under consideration we give using the auxiliary vector{










(z) = ln z and f

(z),  = 1; 2; 3, are again
vector{functions, f















The Riemann surface of f(z) consists of innite number of the copies of the complex
plane C
0
cut along the ray [
min
;+1). These sheets are sticked together in a suitable way
along rims of the cut segments between neighboring points in the set of thresholds 
;j
;  =













of this surface are identied by the
indices of branches of the functions f
0
(z) = ln z and f
;j




in such a manner
that l
0
is integer and l












= 0; 1. For
the main branch of the function f
;j
(z),  = 1; 2; 3; j = 1; 2; :::; n










at  6= 
and/or i 6= j (this means that discrete spectra of the pair Hamiltonian coincide partly though
for two pair subsystems or though one of the pair subsystems has a multiple discrete spectrum)









































are sticked together (along rims of the cut) in such














































) which change by 1. For
all this if l
;k
= 0 then l
0
;k
= 1; if l
;k
= 1 then l
0
;k


















. In the case if parameter z crosses the cut on the right
from the three{body threshold 
0
(at E > 
0
) then all the indices l
;k
change as was described
above. Besides, the index l
0




















Thus, we have described the Riemann surface of the auxiliary vector{function f(z).
As mentioned above we shall consider only a part of the three{body Riemann surface
which will be denoted by <. We include in < all the sheets 
l
of the Riemann surface of the
function f(z) with l
0









=  1. For these




= 1, assuming additionally that cuts are made












= fz : z = z
r
; 1 

























 = 1; 2; 3; j = 1; 2; :::; n






are called two{body sheets since these ones may be reached rounding the two{body thresholds
only and it is not necessary to round the three{body threshold 
0





are called three{body sheets.
On the base of Sec. 4 results one can prove the following
Lemma 5. For each two{body unphysical sheet 
l
of the surface < there exists such a path from
the physical sheet 
0


















6. CONTINUATION OF THE FADDEEV EQUATIONS
AND
REPRESENTATIONS FOR MATRIX M(z), SCAT-
TERING MATRICES
AND RESOLVENT ON UNPHYSICAL SHEETS
In the present section we formulate main results of the paper. In view of space shortage their
proofs will be given in the following paper [43]. Here we outline only schemes of the proofs.



















of the multi{index l identifying a certain sheet 
l










































; z 2 
0
:(6.1)








= 0. If l
0
= 1 then according to Eqs. (4.42){(4.44),
the operator s
;l



























































is the scattering matrix (2:16) for the pair subsystem
. We take into account here the fact that l
0
 Sign Imz = 1 for l
0
= 1 as well as l
0
=  1.
Remember that for l
0
= 1 the sheet 
l





the lower one, C
+
(in accordance with our choice in Sec. 5 of the part < of the total three{





= 1, the operators s
;l
are described by the same formula (6.2). As a matter of fact, the
operators s
;l
(z) represent the scattering matrix (2.16) for the pair subsystem  rewritten in
the three{body momentum space.








then there exists the




















































; ) stands for






(z) becomes unbounded one at the boundary points z belonging to rims














; z) of the Faddeev equa-
tions (2.4) admit the analytical continuation in a sense of distributions over O(C
6
) both on
two{body and three{body unphysical sheets 
l
of the surface <. The continuation on the sheet

l







































































































(z) is the continuation [39] on 
l
of the




= 0 (and consequently, 
l
is a two{body sheet) then the




= 1 (i.e. in the case if 
l






Al the kernels in r.h. parts of Eqs. (6.3) are taken on the physical sheet.
Proof of the theorem is based on utilizing the properties of the Cauchi type integrals (see
Lemma from Sec. 2 of Ref. [39]), which are the integral terms of Eqs. (2.4).
Using Eqs. (6.3) and (6.4) one can rewrite the Faddeev equations (2.6) continued on the
sheet 
l

































































(z) we denote a supposed analytical continu-
ation of the matrix M(z) on the sheet 
l
.






t)(z), n  1, allow, in a
sense of distributions over O(C
6























































































































, have to be
understood in a sense of the denitions of Sec. 4.







Construction of the representations forM
l
(z) consists actually in an explicit \solving" the
continued Faddeev equations (6.5) in the same way as in Refs. [39], [40] where the type (3.2)
explicit representations had been found for analytical continuation of T{matrix on unphysical
sheets of the energy Riemann surface in the multichannel scattering problem with binary
channels. Utilizing the expressions (6.6) for t
l
(z) and (6.7) for R
l
0
(z), we begin with transfer






to the left{hand part of (6.5). Then
[for z 62 (H)] we inverse the operators I + t(z)R
0





























































one comes to the desired representations for M
l
(z).
Theorem 10. The matrix M(z) admits in a sense of distributions over O(C
6
), the analyt-
ical continuation in z on the domains 
(hol)
l
of unphysical sheets 
l
of the surface <. The














































































g. Kernels of all the
operators in the right{hand part of Eq. (6.8) are taken on the physical sheet.












AL. Thus, the relations (6.8) may be rewritten also
in terms of the scattering matrices S
y
l
(z). It is clear that these relations may be rewritten in
terms of symmetrized (truncated) scattering matrices [28], too.










































, follow from the representations
(6.8) for M
l
(z). Before writing nal formulae we make some remarks.
First of all, we note that the function A
0





all the sheets 
l











keeps its form if only l
;j
= 0. If l
;j


















































too. Remember that on the physical sheet 
0






























































= 0, and E
0



































= 0, and E
;j





























with the elements e
;j
= 1 if l
;j
= 0 and e
;j
=  1 if l
;j









































































































































































































As we have established, the kernels of all the operators present in the right{hand part
of expression (2.7) for the resolvent R(z) admit, in a sense of distributions over O(C
6
), the
analytical continuation on the domains 
(hol)
l
of unphysical sheets 
l
 <. Hence, the kernel
R(P;P
0
; z) admits such representation, too.
Theorem 12. The analytical continuation, in a sense of distributions over O(C
6
), of the
resolvent R(z) on the domain 
(hol)
l
of unphysical sheet 
l



































Kernels of all the operators present in the right{hand part of Eq. (6.11) are taken on the
physical sheet.
Note that in their structure, the representations (6.11) are quite analogous to that for
analytical continuation of the two{body resolvent (3.7). Proof of the expressions (6.11) are
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